Period-doubled dissipative-soliton-resonance (DSR) pulses are numerically investigated in a Yb-doped fiber laser based on non-linear amplifying loop mirror (NALM). In the case of low pump power, stationary dissipative solitons with uniform pulse peak power are obtained in the laser. Further increasing the pump power, the laser operates in the DSR regime, where the phenomenon of period-doubling bifurcations could occur. In a period-doubled state, the pulse peak power returns back to its original one every two cavity roundtrips while the pulse duration remains almost the same. We analyze the effects of cavity parameters on the DSR-pulse features under the dynamic bifurcations. It is found that the saturation power of NALM plays a dominant role in the formation of period-doubled DSR pulses. Our simulation results are conducive to enriching the dynamics of DSR pulses in non-linear systems.
INTRODUCTION
Passively mode-locked fiber lasers, as an alternative ultrashort-pulse source, are highly promising for practical usages in material processing, non-linear optics, and optical sensing. To date, numerous pulse shaping mechanisms have been proposed to enable order-of-magnitude increase in the pulse energy. By taking advantage of the anomalous dispersion and Kerr non-linearity of fibers, conventional solitons can be formed in the lasers. Nevertheless, the maximum pulse energy is ultimately limited by the soliton area theorem [1] . By utilizing the dispersion management technique, stretched pulses with the pulse energy reaching to 1-nJ level have been demonstrated in fiber lasers, where the net-cavity dispersion is close to zero [2] . After that, it was shown that normal-dispersion fiber lasers tend to support dissipative solitons (DSs) with unprecedented pulse energy [3] . The formation of DSs requires a composite balance between dispersion and non-linearity as well as gain and loss, and their spectra exhibit steep spectral edges. However, multi-pulsing instabilities are the key obstacle to the further enhancement of pulse energy. In 2008, Chang et al. theoretically predicted a novel localized structure, dissipative soliton resonance (DSR), by solving the well-known master equation [4] . With the increase of pump power, DSR pulses feature a constant pulse peak power and a linearly broadening pulse duration. Over the past decade, DSR phenomena have been manifested in various mode-locked fiber lasers, undoubtedly verifying its superiority for pulse energy scaling [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . In 2009, Wu et al. reported the first observation of DSR pulses in an all-normal dispersion (ANDi) Er-doped fiber laser. The maximum pulse energy as high as 281.2 nJ has been achieved without pulse breaking [5] . Later on, the feasibility of DSR pulses appearing at the anomalous dispersion regime has been confirmed by Li et al. in a long-cavity ring laser. By adjusting the pump power, DSR pulses with the pulse energy of 715 nJ could be obtained [6] . In 2016, Semaan et al. demonstrated the DSR-pulse generation in an Er-Yb double-clad figure-of-eight fiber laser, yielding a recorded 10-µJ pulse directly from the cavity [14] . Most recently, Zheng et al. presented a figure-ofnine Tm-doped fiber laser operating in the DSR regime. The resultant pulse energy could be scaled up to 0.33 mJ with the help of an external amplification [19] . Efforts have also been made to the study of DSR-pulse dynamics [20] [21] [22] [23] [24] [25] . In 2013, Komarov et al. numerically investigated the coexistence of DSR pulses in passively mode-locked lasers. It was shown that the number of steady-state pulses depends on the initial conditions, but it does not change with increasing the pump power [20] . Since then several works have shown the generation of multiple DSR pulses in mode-locked fiber lasers with different dispersion regimes [26] [27] [28] [29] . In 2019, Wang et al. reported the unusual evolution of DSR pulses in an ANDi figure-of-eight fiber laser, where the shrinkage of pulse duration with the pump power was observed for the first time [30] . Zhao et al. revealed the transformation from DSR to burst-like emission in a Ho-doped mode-locked fiber laser, which is related to the competition between DSR and soliton formation [31] . Therefore, there is a strong motivation to explore the novel features of DSR pulses.
In this paper, we numerically investigate period-doubled DSR pulses in an ANDi Yb-doped fiber laser with non-linear amplifying loop mirror (NALM). At a low pump power, the laser operates in stationary DS state, where the pulse peak power is unchanged for each cavity roundtrip. Period-doubling bifurcations of DSR pulses could be formed in the cavity with further increasing the pump power. In this case, the pulse peak power becomes no longer uniform but alternates between two values. The influence of cavity parameters on the properties of period-doubled DSR pulses is discussed. It is found that the saturation power of NALM is critical for achieving the period-doubling bifurcations of DSR pulses in the laser.
NUMERICAL MODEL
The configuration of our proposed ANDi Yb-doped figure-ofeight fiber laser is displayed in Figure 1 . It contains a main unidirectional ring cavity (UR) connected to a NALM by a fused fiber coupler. The main loop is composed of two segments of single-mode fibers (SMFs) with a total length of 2 m, a polarization insensitive isolator (PI-ISO), an output coupler (OC) and a Gaussian-shaped bandpass filter (Filter 1). The spectral bandwidth of Filter 1 is fixed at 9 nm. The PI-ISO ensures the unidirectional pulse propagation while the OC is employed to extract 30% of the intra-cavity pulse energy. The NALM consists of 5-m Yb-doped fiber (YDF), two pieces of SMFs and a spectral filter (Filter 2). In this work, the 3-dB bandwidth of Filter 2 (i.e., BW) is set to 9 nm, the splitting ratio of the central fiber coupler is fixed at 0.9 and the total length of SMFs in the NALM is 2 m. The dispersion and non-linear parameters of the fibers utilized in the laser are β 2,YDF = 36 ps 2 /km, β 2,SMF = 23 ps 2 /km, γ YDF = 3 W −1 km −1 , and γ SMF = 1.3 W −1 km −1 . The NALM performs the role of an artificial saturable absorber allowing mode-locking operation. By adjusting the splitting ratio and loop length of the NALM, its saturable absorption properties can be flexibly controlled, which gives rise to different mode-locked pulse dynamics.
Although the master equation has taken into account the basic terms that govern important physical phenomena occurring in passively mode-locked lasers, a drawback of this averaged model is that the impacts of cavity components on the optical pulses are ignored, which might not accurately describe the real laser systems. In contrast, a pulse tracing technique was utilized to numerically simulate the evolution of mode-locked pulses in our laser. In the simulations, we adopted a more accurate model of NALM rather than using its power-dependent transmission function. As shown in Figure 1 , an input field E 1 is split into two counter-propagating fields E 3 and E 4 , which can be expressed by
where ρ is the splitting ratio of the central fiber coupler. Then the two fields propagate through the NALM in opposite directions. Pulse propagation in fiber section is described by the scalar non-linear Ginzburg-Landau equation
where E refers to the normalized envelope of the electric field; ß 2 and γ represent the dispersion and non-linearity of fiber, respectively; z indicates the propagation distance while t denotes the local time; g is the fiber gain and Ω g describes the gain bandwidth, which is fixed at 30 nm. For the SMF g is equal to zero while for the YDF, the effect of gain saturation is treated as
where g 0 denotes the small signal gain and E sat represents the gain saturation energy. In this work, g 0 is set to 2 m −1 and E sat is variable. The pulse energy E p can be expressed by
where T R is the cavity roundtrip time. After they travel around the loop length, the two optical fields return in coincidence to recombine at the coupler. The transmitted field E 2 is given by
We utilize the field E 2 as an input for the UR cavity. After a roundtrip propagation in the main loop, the final field is employed as a new input for the NALM in the next round of calculation. Eventually, an initial weak pulse could converge into a steady state with proper cavity parameter settings.
SIMULATION RESULTS AND DISCUSSION
In view of the complexity of the simulation model, the splitstep Fourier method was adopted to solve it numerically. Figure 2A illustrates the roundtrip-to-roundtrip evolution of output pulses at the position of OC when the pump power E sat is set to 1 nJ. It can be seen that the mode-locked pulse features a Gaussian-shaped temporal profile and its peak power is unchanged for each cavity roundtrip, manifesting that stationary DSs are obtained in the ANDi fiber laser. Further increasing E sat , the DSs transfer to rectangular pulses. Correspondingly, the intensity of pulse spectrum increases while its spectral bandwidth is considerably narrowed. This evolution process is consistent with the theoretical predictions regarding DSR phenomena [32] , which indicates that the laser operates in the DSR regime. Figure 2B shows the evolution of DSR pulses with cavity roundtrips at a E sat value of 10 nJ. Surprisingly, the pulse peak power here alternates between two values rather than being clamped at a certain one, exhibiting a phenomenon called period-doubling bifurcations. It should be mentioned that period-doubled mode-locked pulses have been observed in fiber lasers with various net-cavity dispersions, verifying that the period-doubling bifurcation is an intrinsic feature of fiber lasers and its occurrence is independent of the specific pulseshaping mechanism [33] [34] [35] . For the sake of comparison, the temporal profiles and the corresponding spectra of the perioddoubled DSR pulses in two adjacent roundtrips are presented in Figures 3A,B . In this case, the pulse peak power alternates between 172 (i.e., the lower peak power P L ) and 223 mW (i.e., the upper peak power P H ) while the pulse duration remains almost the same. The corresponding spectral intensity takes one of the two alternative values every two consecutive roundtrips while its bandwidth keeps nearly constant. These features are different from those of period-doubled soliton pulses shown in [33] [34] [35] , as is evident from the numerical results. Figures 4A,B depict the evolution of pulse temporal profiles vs. E sat . The adjacent pulses have the same pulse duration at a certain E sat value. The pulse duration increases linearly with the E sat while both pulses maintain their peak power approximately unchanged, which shows the characteristics of DSR pulses. The influence of cavity parameters on the properties of DSR pulses under the dynamic bifurcations was analyzed. We first varied the splitting ratio ρ of the central fiber coupler while fixing the other parameters (E sat = 10 nJ, L = 7 m, BW = 9 nm). It was found that the period-doubled DSR pulses could exist in the cavity when ρ is set in the range from 0.9 to 0.93. Figure 5 shows P H and P L as a function of ρ. The dashed blue line depicts the P H values while the dotted red line represents the P L ones. The presence of two separate plots for P H and P L indicates that we are dealing with period-doubled DSR pulses. The solid green line in Figure 5 shows the difference of the P H and P L values. It can be seen that with increasing ρ from 0.9 to 0.93, P H decreases from 223 to 194 mW while P L slightly increases from 172 to 181 mW. In the case of our current parameter settings, their difference moves toward zero once ρ exceeds 0.93, manifesting that period-doubling bifurcations disappear and the laser emits stationary DSR pulses with uniform pulse peak power.
We further investigated the impact of the loop length L of NALM on period-doubled DSR state. By changing the total length of SMFs in NALM while keeping the other parameters fixed (E sat = 10 nJ, ρ = 0.9, BW = 9 nm), the dependence of P H and P L on L was numerically calculated, as presented in Figure 6 . When L increases from 6 to 9 m, P H decreases from 245 to 178 mW while P L reduces from 176 to 161 mW. Their difference equals to zero when L is beyond 9 m, which means that the fiber laser with a long loop is prone to operating in stationary DSR regime. We recall that the power-dependent transmission function of NALM is considered as
where G is the fiber gain and Φ represents the phase difference of the light fields propagating through the two paths in NALM, which can be expressed by 
where P is the instantaneous pulse peak power. In general, the input pulse power at which the periodical transmission curve of NALM reaching its first peak is referred to as the saturation power. One can see from Equations (6) and (7) that for a given fiber gain and non-linearity, the saturation power is inversely proportional to product of the splitting ratio and the loop length. Our simulation results confirm that there exists a threshold of saturation power for the occurrence of perioddoubling bifurcations in the cavity. When the saturation power is weak, period-doubled DSR state is avoided and the stationary DSR pulses are formed in the laser. The formation mechanism of period-doubled DSR pulses could be interpreted as follows. Under sufficiently high pump power, the pulse peak power is so strong that it switches the cavity from the positive to the negative feedback regime, namely the transmission of NALM reduces with the pulse peak power. When the pulse peak power is scaled up to a certain level, which depends on the saturation power settings, the dynamic loss encountered by the pulse is same to its effective gain. In this case, the pulse peak power is confined. A further increase in the pump strength results in the expansion of pulse duration instead of its peak power. Eventually, the Gaussian-shaped temporal pulse profile transfers to a rectangular one, and DSR pulses are formed in the laser. On the other hand, the mode-locked fiber laser is essentially a non-linear dynamic system. The appearance of period-doubling phenomenon is a manifestation of the nonlinear cavity effect, which is independent of the specific pulse profile. Under the DSR conditions, larger saturation power will cause the pulse peak power to be confined at a higher level. When the pulse peak power is strong, the strength of nonlinear interaction of DSR pulses with the cavity components becomes intense. To a certain level of the nonlinear interaction, period-doubling bifurcations could appear in the laser [33] . Consequently, the peak power of DSR pulses is no longer uniform but alternates between two values. We note that Peng et al. demonstrated the generation of triple-state DSs via self-parametric-amplification (SPA) effect in a mode-locked fiber laser [36] . A segment of anomalous-dispersion fiber was utilized in their laser cavity to provide negative chirp such that SPA was triggered in the subsequent normal-dispersion gain fiber. Therefore, our proposed ANDi fiber laser excludes the SPA-induced bifurcation.
Additionally, in order to investigate the effect of spectral filtering on the period-doubled DSR state, we altered the bandwidth of filter inserted into the NALM while maintaining the other cavity parameters constant (E sat = 10 nJ, ρ = 0.9, L = 7 m). As illustrated in Figure 7 , when the filtering bandwidth is tuned from 8 to 11 nm, P H reduces from 233 to 205 mW whereas P L increases from 164 to 188 mW. When the bandwidth exceeds 11 nm, the difference of P H and P L vanishes and the stationary DSR pulses are formed in the cavity. This means that the reduction of filtering bandwidth could facilitate the period-doubling of DSR pulses. Recently, an emerging technique called dispersive Fourier transform (DFT) has been proposed to investigate the soliton dynamics in mode-locked fiber lasers [37] [38] [39] . By virtue of the DFT technique, the single-shot spectra of period-doubled DSR pulses can be measured in our future work, which would be beneficial for further understanding the perioddoubling bifurcation.
CONCLUSION
We have numerically simulated period-doubled DSR pulses in an ANDi Yb-doped fiber laser mode-locked by a NALM. In the case of low pump power, stationary DSs with uniform pulse peak power are achieved. Under sufficiently high pump power, period-doubling bifurcations of DSR pulses could occur in the laser. In this case, the pulse peak power returns back to its original value after two consecutive roundtrips while the pulse duration keeps unchanged. The impact of cavity parameters, including the filtering bandwidth, the splitting ratio and loop length of NALM, on the features of DSR pulses under the dynamic bifurcations has been presented. Theoretical analysis shows that the saturation power of NALM plays a dominant role in the formation of period-doubled DSR pulses. 
